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Kirchhoff ( ) , WiUmore
, Riemmann (cf. [1], [7],
[11], etc.). , Kirchhoff , Euclid
(cf. $[9],[5]$ ). Langer-Singer [9] , 3 K d off
Hamilton , Liouville . 3
, $\mathrm{R}^{3}$ , , Kirchhoff Jacobi $\mathrm{s}\mathrm{n}$
explicit ( $\mathrm{S}\mathrm{h}\mathrm{i}$-Hearst ([12]), Langer-Singer ([10]))
. Ivey-Singer ([3]) , $\mathrm{s}\mathrm{n}$ Kird off
, $\mathrm{R}^{3}$ Kirchhoff
.
, 3 Kirchhoff , $\mathrm{s}\mathrm{n}$




, , $C^{\infty}$ . $\mathcal{M}$ $n$ Riemann
. $\gamma=\gamma(t)$ : $[t_{1}, t_{2}]arrow \mathcal{M}$ 1 , $M=(M_{1}, M_{2}, \ldots, M_{n-1})$
$\gamma$
$T^{[perp]}\mathcal{M}$ . $M$
. $\gamma$ $M$ $\{\gamma, M\}$ ,
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$\mathfrak{T}$ . $\nu>0$ ( ) .
$( \{\gamma, M\})=\int_{t_{1}}^{t_{2}}|\nabla_{t}\gamma’|^{2}dt+\nu\sum_{i=1}^{n-1}\int_{t_{1}}^{t_{2}}|\nabla_{t}^{[perp]}M_{i}|^{2}dt$
, $\nabla^{[perp]}$ $T^{[perp]}\mathcal{M}$ . ,
( ) , .
Riemann Euler-Lagrange ,
$\mathcal{M}=\mathrm{R}^{3},$ $S^{3},$ $H^{3}$ , $G$ . $\mathcal{M}$ ,
$\cross$ . $(\gamma’, M_{1}, M_{2})$ ($\gamma$ 1 )
$\mathfrak{T}$ , Euler-Lagrange .
(2.1) $\nabla_{t}[2(\nabla_{t})^{2}\gamma’+(3|\cdot\nabla_{t}\gamma’|^{2}-(\mu-2G)+2\nu a^{2})\gamma’-4\nu a\gamma’\cross\nabla_{t}\gamma’]=0$ ,
(2.2) $\langle\nabla_{t}^{[perp]}M_{1},\gamma’\cross M_{1})=a$ .
, $\mu,$ $a$ . , (2.2) , ,
, $a$
.
1. $\mu,$ $a$ , (2.1) (2.2) , $\{\gamma, M\}$ Kirchhoff
, $a$ $\{\gamma, M\}$ .
. $\{\gamma, M\}$ , 0 Kirchhoff ,
$\gamma$ ( ) , $M$
. , Kirchhoff .
3Kirchhoff
Euler-Lagrange (2.1) Frenet , $\gamma$ $k$ $\tau$
,
(3.1) $2k”+k^{3}+(2\nu a^{2}-(\mu-2G))k-2k\tau(\tau-2\nu a)=0$,
(3.2) $k^{2}(\tau-2\nu a)=b$
. $b$ . Jacobi $\mathrm{s}\mathrm{n}$ exph.cit
, . , $\{\gamma(t), M(t)\}$ , $t$
, $\mathcal{M}$ , $M$ $O(2)$ ,
.
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2. $\mathcal{M}=S^{3}$ . $\mathcal{M}$ , $\mathrm{R}$ Kirchhoff ( $\gamma$
. $\gamma$ KiId off ,
. ) ,
$\beta>0,$ $w>0,0\leq p\leq w\leq 1$
4 $(\beta, \eta,p, w)$ 1 1 . ( , $p=w$
$w=1$ , $(\beta, \eta,p, w)$ $(\beta, -\eta,p, w)$ . ) $(\beta, \eta,p, w)$ ,
$\gamma$ ,
(3.3) $k(t)=$
(3.4) $\tau(t)=$ $\frac{1}{k(t)^{2}}+\nu\eta\sqrt{G\beta}]$ ,
$\pm\eta\sqrt\partial F$ Kirchhoff .
. $\mathcal{M}=S^{3}$ , $\mathrm{R}^{3},$ $H^{3}$ .
, effiptic modulus $p$ $0\leq p\leq 1$ , $p=0$ $\gamma$
( ) . , $p=1(\Leftrightarrow p=w=1)$ $k$
, $\gamma$ . , $\mathrm{R}^{3},$ $S^{3},$ $H^{3}$
Kirchhoff $\gamma$ ,
$p=1$ . $\mathrm{R}^{3}$ , Hasimoto ([2])
. $p=1$ $\gamma$ Hasimoto
. 2 ( Hasimoto ) ,
$k,$ $\tau$ .
4
, explcit , Langer-Singer Kiuin$\mathrm{g}$
. .
3([8]). $\gamma=\gamma(t)$ $\mathcal{M}=\mathrm{R}^{3},$ $S^{3},$ $H^{3}$ 1 ,
, $(T, N, B)$ $\gamma$ benet . A $\gamma$





$\langle$ ( t)3A—kk’ $($ $\{)^{2}\mathrm{A}+(G+\mathrm{k}^{2})\nabla_{t}\mathrm{A}-$ –$k’kG\mathrm{A},$ $B\}=0$ .
( . ) A $\gamma$ K . $\mathrm{g}$ .
, $\mathcal{M}=S^{3}$ . $\{\gamma, M\}$ $\mathcal{M}$ Kirchhoff .
$\gamma$
$J,$ $H,$ $I_{+},$ $I_{-}$
(4.1) $J=2(\nabla_{t})^{2}\gamma’+(3k^{2}-\mu+2\nu a^{2})\gamma’-4\nu a\gamma’\mathrm{x}\nabla_{t}\gamma’$
$(4.2)$ $H=2\nu a\gamma’+\gamma’\cross\nabla_{t}\gamma’$ ,
(4.3) $I_{+}=J+2\sqrt{G}H$,
(4.4) $I_{-}=J-2\sqrt{G}H$ ,
. , $k,$ $\tau$ ( $(3.2)$ (3.1)
) , .
4. $J,$ $H,$ $I_{+},$ $I_{-}$ $\gamma$ Kiffing .
$\tilde{J},\tilde{H},\tilde{I}_{+},\tilde{I}_{-}$ $J,$ $H,$ $I_{+},$ $I_{-}$ $S^{3}$ Kiffing .
, , .
5. $\mathrm{R}$ $\langle J, H\rangle,$ $|I_{+}|,$ $|I_{-}|$ .
, $S^{3}$ $\langle$ $\tilde{J},\tilde{H}),$ $|\tilde{I}_{+}|,$ $|\tilde{I}_{+}|$ , $\gamma$ . ,
.
6. $S^{3}$ $\langle\tilde{J},\tilde{H}\rangle,$ $|\tilde{I}_{+}|,$ $|\tilde{I}_{+}|$ .
( ). $\gamma$ (generic ) . $|\tilde{I}_{+}|$ $S^{3}$
. , $|\tilde{I}_{+}|$ $\gamma$ , $\gamma$
$|\tilde{I}_{+}|$ . , $\tilde{I}_{+}$ KiUing
, $|\tilde{I}_{+}|$ Clifford }$\backslash -$ . , $\{\gamma, M\}$
Kirchhoff , , $\gamma$ $\mathrm{A}\mathrm{a}$
, . , $|\tilde{I}_{+}|$ $S^{3}$ . ,
139
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$S^{3}$ .
Kiffing . , $S^{3}$ Euclid
$\mathrm{R}^{4}=\{^{t}(x_{1}, x_{2}, x_{3}, x_{4})\}$ $1/\sqrt{G}$ . (
$\iota$ : $S^{3}rightarrow \mathrm{R}^{4}$ . ) $(r, \theta, \psi)$ .
$x_{1}=r\cos\theta,$ $x_{2}=r\sin\theta,$ $x_{3}=\overline{r}\cos\psi,$ $x_{4}=\overline{r}\sin\psi$
$r>0$ , $\overline{r}=\sqrt{\frac{1}{G}-r^{2}}$ . ( $\mathrm{R}^{3}$
, $r=const$ . Clifford torus . )
, $\mathrm{Y}$ $S^{3}$ KiUing , 4 $A_{\mathrm{Y}}$
,
$\mathrm{Y}(ae)=A_{\mathrm{Y}}oe$ $(ae={}^{t}(x_{1}, x_{2}, x_{3}, x_{4})\in S^{3})$ .
$P\in O(4)$ , $P\mathrm{o}\iota$ $\mathrm{Y}$ $PA_{\mathrm{Y}}P^{-1}$ . $P\in O(4)$
, $PA_{\mathrm{Y}}P^{-1}$ , ,
(4.5) $(\begin{array}{llll}0 -\sigma_{1} 0 0\sigma_{1} 0 0 00 0 0 -\sigma_{2}0 0 \sigma_{2} 0\end{array})$ $(\sigma_{1}, \sigma_{2}\in \mathrm{R})$
. , $P\in O(4)$ , $P\mathrm{o}\iota$
$\tilde{J}$ . , .
7. $P\in O(4)$ , $P\mathrm{o}\iota$ $\tilde{J},\tilde{H},\tilde{I}_{+},\tilde{I}_{-}$
.
( ). $\gamma$ . , $P\in O(4)$ ,
$P\mathrm{o}\iota$
$\tilde{J}$ (4.5) . , $\tilde{H},\tilde{I}_{+},\tilde{I}_{-}$
. , $\gamma$ , $|J(t)|$
( $J$ Frenet ), , $|\sigma_{1}|\neq|\sigma_{2}|$
. , $\langle$ $\tilde{J},\tilde{H})$ $S^{3}$ ( 6) , ,
$\tilde{H}$ . ( $\gamma$
. ) $\tilde{I}_{+}$ $\tilde{I}_{-}$ , $\tilde{J}$ $\tilde{H}$ , .
7 $P$ , $P\mathrm{o}\iota$ $(r, \theta, \psi)$ .
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5explicit
, $\gamma$ explicit . 3 ,
$(x, \alpha,p)=\int_{0}^{t}\frac{dx}{1-\alpha \mathrm{s}\mathrm{n}^{2}(x,p)}$
. , $\alpha\leq 1,0\leq p\leq 1$ .
8. $\{\gamma, M\}$ $S^{3}$ Kirchhoff . 7 $P\in O(4)$ ,
$P\mathrm{o}\iota$ $(r, \theta, \psi)$ . $\gamma(t)$ $r,$ $\theta,$ $\psi$ $r(t),$ $\theta(t),$ $\psi(t)$
. , $\gamma \mathfrak{l}\dot{\mathrm{h}}r=0,\overline{r}=0$ . (generic Kirchhoff
. ) ,
$r(t)=\sqrt{c_{1}\mathrm{s}\mathrm{n}^{2}(c_{2}t,c_{3})+c_{4}}$,
\mbox{\boldmath $\theta$}(t)=c5t+c6 (c2t, $c_{7},$ $c_{3}$ ),
$\psi(t)=c_{8}t+c_{9}\mathrm{n}(c_{2}t, c_{10}, c_{3})$ ,
, $c_{1},$ $c_{2},$ $\ldots,$ $c_{10}$ , $(\beta, \eta,p, w)$ explicit
.
. $\gamma$ $r=0$ $\overline{r}=0$ ( $(r,$ $\theta,$ $\psi)$ )
, $r(t),$ $\theta(t),$ $\psi(t)$ explicit . ,
$\gamma$ explicit .
( ). , $\gamma$ . ($\gamma$ ,
, . )
, $/\partial\theta$ , $\partial/\partial\psi$ $S^{3}$ $\mathrm{K}^{\cdot}4$h.ng
, ,
$E_{1}:=(\begin{array}{llll}0 -1 0 01 0 0 00 0 0 00 0 0 0\end{array})$ , $E_{2}:=(\begin{array}{lll}0 0 000 0 000 0 0-10 0 0\mathrm{l}\end{array})$ .
.
$\tilde{I}_{+},\tilde{I}_{-}$ $S^{3}$ ( 6) .
$x_{1},$ $x_{2},$ $x_{3},$ $x_{4}$ , $A_{\tilde{t}_{+}}=fE_{1}+fE_{2}$ ,
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, , $f,$ $g$ $\beta,$ $\eta,$ $p,$ $w$ exph.cit .
, $r(t)$ . (5.4) ,
$|H(t)|^{2}=| \tilde{H}(\gamma(t))|^{2}=(\frac{f+g}{4\sqrt{G}})^{2}r(t)^{2}+(\frac{f-g}{4\sqrt{G}})^{2}(\frac{1}{G}-r(t)^{2})$ .
, $H$ , $|H(t)|^{2}=k(t)^{2}+4\nu^{2}a^{2}$ .
$r(t)=$
2 $k(t)$ , $r(t)$ .
, (5.1) (5.2)
$( \frac{\partial}{\partial\theta})_{\gamma(t)}=\frac{1}{2fg}(gI_{+}-fI_{-})$, $( \frac{\partial}{\partial\psi})_{\gamma(t)}=\frac{1}{2fg}(gI_{+}+fI_{-})$
.
$\theta’(t)=\frac{\langle T,(\frac{\partial}{\partial\theta})_{\gamma(t)}\rangle}{|(\frac{\partial}{\partial\theta})_{\gamma(t)}|^{2}}=\frac{\langle T,gI_{+}-fI_{-})}{2fgr(t)^{2}}$.
. (4.1) (4.2) , $\theta(t)$ . $\psi(t)$ .
6
$\gamma$ K d off ($M$ ) , Kirchhoff
. , $S^{3}$ Kixd off , Kirchhoff
.
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, 8 C3 $p$ . 8 , $\gamma$
( $p^{\ovalbox{\tt\small REJECT}}0$ ) , Hasimoto ( $p\ovalbox{\tt\small REJECT} 1$ ) , $k(t),$ $r(t)$ ,
$\theta’(t),$ $\psi’(t)$ . $h$ ,
$\Delta\theta=\theta(t+h)-\theta(t)$ , $\Delta\psi=\psi(t+h)-\psi(t)$
. $(\theta’(t), \psi’(t)$ $h$ , $t$ 1 . ) , $\Delta\theta,$ $\Delta\psi$
$r$ 1 $\theta,$ $\psi$ . .
$\Delta\theta=d_{1}+d_{2}\Pi(K(c_{3}), d_{3}, c_{3})$ , $\Delta\psi=d_{4}+d_{5}\Pi(K(c_{3}), d_{6}, c_{3})$ ,
, $K$ 1 . , $d_{1},$ $\ldots,$ $d_{6}$ , $(\beta, \eta,p, w)$
explicit . $\Delta\theta,$ $\Delta\psi$ $(\beta, \eta,p, w)$ explicit .
9. $\{\gamma, M\}$ $S^{3}$ Kirchhoff . $\gamma$ $\text{ }$ , Hasimoto
. , $\{\gamma, M\}$ Kirchhoff $(\beta, \eta,p, w)$
, $\Delta\theta(\beta, \eta,p, w)/2\pi$ $\Delta\psi(\beta, \eta,p, w)/2\pi$
.
. $\gamma$ , $r,$ $\theta’,$ $\psi’$ , $(\beta, \eta,p, w)$ explicit
. $\{\gamma, M\}$ $\theta’$ $\psi’$
. , $\gamma$ Hasimoto Kirc} off .
7 Kirchhoff
9 , K d off .
10. rchhoff $\{\gamma^{\lambda,\omega}, M^{\lambda,w}\}(0\leq\lambda\ll 1_{f}|\omega|\ll 1)$
. $\lambda=0$ $\gamma^{\lambda,\omega}$ , $\lambda\neq 0$ $\gamma^{\lambda,\omega}$
. , $(\lambda_{1}, \omega_{1})\neq(\lambda_{2},\omega_{2})$ $\{\gamma^{\lambda_{1\prime}\omega_{1}}, M^{\lambda_{1\prime}\omega_{1}}\}$ $\{\gamma^{\lambda_{2\prime}\omega_{2}}, M^{\lambda_{2},\omega_{2}}\}$ .
( ). $\Delta\theta(\beta, \eta,p, w),$ $\Delta\psi(\beta, \eta,p, w)$ $(\beta, \eta,p, w)$ .
$p=0$ , $\gamma$ , $\Delta\theta,$ $\Delta\psi$ ,
$\Delta\theta(\beta, \eta, 0, w)/(2\pi)$ $\Delta\psi(\beta, \eta, 0, w)/(2\pi)$ $(\beta, \eta, 0, w)$
. , $(\beta_{0}, \eta_{0},0, w_{0})$ . ,
(7.1) $\frac{D(\Delta\theta,\Delta\psi)}{D(\beta,\eta)}|_{(\beta_{0\prime}\eta_{0},0,w\mathrm{o})}\neq 0$
143
( , Jacobian ) , , $(p, w)\ovalbox{\tt\small REJECT}(0, w_{0})$
$\Delta\theta(\beta(p, w),\eta(p, w),p,$ $w)/(2\pi)=\Delta\theta(\beta_{0}, \eta_{0},0, w_{0})/(2\pi)$ ,
$\Delta\psi(\beta(p, w),\eta(p, w),p,$ $w)/(2\pi)=\Delta\psi(\beta_{0},\eta_{0},0, w_{0})/(2\pi)$
$\beta(p, w),$ $\eta(p, w)$ . ,
9 , $(\beta(p, w),$ $\eta(p, w),p,$ $w)(p\geq 0)$ Kirchhoff Kirchhoff
. $\lambda=p,$ $\omega=w-w_{0}$ , Kirchhoff 2
$\{\gamma^{\lambda,\omega}, M^{\lambda,\omega}\}(0\leq\lambda\ll 1, |\omega|\ll 1)$ .
, Kixd off , ,
Kirchhoff .
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